Abstract We show that smooth, radially symmetric wave maps U from R 2+1 to a compact target manifold N , where ∂ r U and ∂ t U have compact support for any fixed time, scatter. The result will follow from the work of Christodoulou and Tahvildar-Zadeh, and Struwe, upon proving that for λ ′ ∈ (0, 1), energy does not concentrate in the set
Introduction
In this work we consider the initial value problem for wave maps from R 2+1 to a compact target manifold (N, ·, · ),
where B is the second fundamental form of (N, ·, · ) ֒→ R d . Much is known about this system; we refer readers to [7] , [3] , and references therein.
Concerning radially symmetric wave maps, Christodoulou and TahvildarZadeh in [2] proved global well-posedness for smooth wave maps to targets that satisfied certain bounds on the second fundamental form of geodesic spheres, in addition to being either compact or having bounded structure functions. These results were obtained by showing that energy does not concentrate at the origin, along with pointwise estimates on the fundamental solution to the linear problem.
Struwe in [4] extended this result to radially symmetric wave maps from R 2+1 to spheres S k , and later in [6] to general targets, by showing with energy estimates and rescaling, that energy cannot concentrate at the origin. Concerning asymptotic behavior for radially symmetric wave maps, Christodoulou and Tahvildar-Zadeh in [1] proved pointwise estimates which imply scattering for smooth wave maps that differ from a constant map within a compact set to targets satisfying the same conditions as in [2] .
Let
denote the solution at time t to the linear wave equation
We will use similar methods as in [4] , [5] , [6] , and [1] to prove our main result.
Theorem 11 For a smooth, radially symmetric wave map U (x, t) to a compact target manifold (N, ·, · ) ֒→ R d that for each t differs from a constant map within a compact set, there exists functions U +,0 , U +,1 :
In Section 2, we review the work done on radially symmetric wave maps, with emphasis on results which we will use to prove Theorem 11, in Section 3. We use the following notation. Let
Energy will be denoted by
With r = |x|, we will denote light cone coordinates as u = t − r, v = t + r. The statement 'a b' will mean the quantity a is less than b multiplied by a fixed constant. . Scattering will then follow by the work of Struwe in [6], and Christodoulou and Tahvildar-Zadeh in [1] . We briefly describe these results here.
In [1] , the authors prove a series of energy estimates, which are then used in a bootstrap argument. We mention two in particular that will be used later. For 0 < λ ′ < λ ′′ < 1 (see page 37 of [1] ),
and (see page 39 of [1] )
Their bootstrap argument hinges on the Bondi energy decaying for large u,
In order to control E(u), define (see [1] , page 34)
which will approach 0 as u → ∞, and observe that for
By using assumptions on the second fundamental form of geodesic spheres of N , along with energy estimates, the authors show (ibid, page 42)
which implies the necessary decay on E(u). This is the only place where the bounds on the second fundamental form come into play. The rest of the paper is a bootstrap argument that proves the main result,
be the interior of the future (resp. past) light cone with vertex at (t = u, r = 0) in M = R 2,1 . For a smooth, radially symmetric wave map U that satisfies (2.5), there holds for u > 0 and some
along with the two following estimates that we require.
Lemma 21 For a smooth, radially symmetric wave map U that satisfies (2.5), and has derivatives ∂ t U and ∂ r U at t = 0 with compact support, there exists u 0 > 0, and c > 0 so that for u > u 0 ,
Lemma 22 Let U be a smooth, radially symmetric wave map that satisfies (2.5), and has derivatives ∂ t U and ∂ r U at t = 0 with compact support in a ball of radius R centered at the origin. Let (t 0 , r 0 ) be a fixed point, r 0 > R. Then there exists a continuous, increasing function c(u) such that
We can combine the estimates in Lemma 21 and Lemma 22 to obtain estimates on the derivatives of U for all r, and t ≥ 0. For fixed u 0 > 0, and large enough r with t − r ≤ u 0 , we have
We can use the estimates in Lemma 21 when t − r > u 0 , then use Lemma 22 combined with (2.6) when t − r ≤ u 0 and r ≥ r 0 . The only region when t ≥ 0 that is not covered in this dichotomy is bounded in time, which can be handled with the local existence theory. With this, we have the following theorem.
Theorem 22 For a smooth, radially symmetric wave map U that satisfies (2.5), and has derivatives ∂ t U and ∂ r U at t = 0 with compact support, there is a c such that for t ≥ 0,
, and |∂ u U | ≤ c
In [6], it is shown that energy does not concentrate at the origin at some time T , since this is the only obstacle to global well-posedness by [2] . By finite speed of propagation, we may assume ∂ t U and ∂ r U have compact support. Arguing by contradiction, for ε 1 small enough, one finds a radius R(t) such that
from which it follows that for |τ | ≤ 5R(t),
and
It can also be shown that
Using estimates on the kinetic energy, one can find a sequence of intervals
By rescaling with U l (t, x) ≡ U (t l + R(t l )t, R(t l )x), one obtains a sequence of wave maps {U l } with
where
With these estimates, it can be shown that U l converges to a harmonic map U . Specifically, (2.10) shows that U satisfies a harmonic map equation, that U has finite energy implies that U must have finite energy, and (2.9) shows that U is a map from all of R 2 to N . Since N is compact, U must be constant. With (2.7) and some geometric estimates, one can then show that locally, the energy of U l tends to 0 as l → ∞, contradicting the lower bound in (2.8). In particular, Struwe proved the following result in [6] .
Theorem 23 Let {U l } be a sequence of radially symmetric wave maps from R 2+1 to a compact manifold N with total energy uniformly bounded. Let D l (t) be a family of subsets of R 2 that obeys lim sup l→∞ D l (t) = R 2 and, together with {U l }, satisfies (2.10). Then for ε small enough, and if for t ∈ [−1, 1],
the energy of U l on any compact set approaches 0 as l → ∞. 
Proof of main result
With the results from the previous section, we prove Theorem 11. Using Theorem 23, we will show (2.5), then use this fact to apply Theorem 22.
We argue the decay of energy by contradiction. Suppose that for all λ ′ ∈ (0, 1), it is not true that
Since energy is positive and bounded, there is some λ ′ ∈ (0, 1) so that lim sup
where 0 < η < ∞. Pick {T n } n∈N such that T n → ∞, and
In order to produce the sequence U l in Theorem 23, we require the lower bound in (2.8), which we now prove. By energy conservation (for t < t ′ and
any energy that enters or leaves K Lemma 31 Fix λ ′′ ∈ (λ ′ , 1). There is an α = α(λ ′ , λ ′′ ) ∈ (0, 1) such that for large enough n, t ∈ [
Proof From (2.1), we can pick n big enough so that
to be chosen later and t ≥ 5 8
For perhaps even larger n, we can have that
. . . for γ = γ(λ ′ , λ ′′ ) ∈ (0, 1) which we will specify below. Suppose for some τ n ∈ [
which would contradict our assumption (3.4). We seperately estimate the two integrals in the middle of (3.5). Let {t l } l∈Z be defined by t 0 = τ n , t l = ( Figure 1 ). Let N + = N + (λ ′ , λ ′′ ) be the smallest number with t N+ ≥ 7 8 T n , and N − = N − (λ ′ , λ ′′ ) the smallest number with
From this, our bounds on E(U (x, t l ), B λ ′′ t l (0) \ B λ ′ t l (0)), and our assumption on t 0 = τ n ,
Integrating over [t l , t l+1 ],
With (3.6) and an elementary summation formula,
T n βη.
For the integral over [
, we use a similar argument,
Combining these,
βη.
9
Choosing α, β, and γ appropriately, we have that
from which (3.5) follows, which contradicts (3.4).
With this lemma, along with Theorem 22 and Theorem 23, we now prove Theorem 11. .1), and pick R(t) so that for some sufficiently small η 0 , η 0 < E(U (x, t), B 6R(t) (0)) < 2η 0 < inf t∈T E(B λ ′ t (0), t), (3.7)
for t ∈ T . That it is possible to pick such an R(t) for small enough η 0 follows from Lemma 31. With (3.7) it can be shown that for |τ | < 5R(t), η 0 ≤ E(U (x, t + τ ), B 11R(t) (0)), (3.8) and E(U (x, t + τ ), B R(t) (0)) ≤ 2η 0 . (3.9)
Since the intervals Λ l ≡ (t − R(t), t + R(t)) cover T , by Vitali's theorem we may select a countable, disjoint family {(t l − R(t l ), t l + R(t l ))} l∈N = {Λ l } l∈N such that T ⊂ l∈N (t l − 5R(t l ), t l + 5R(t l )).
Let R(t l ) = R l and {(t l − 5R l , t l + 5R l )} l∈N = {Λ * l } l∈N . By possibly taking a subsequence and reordering, we may further assume that t l → ∞ and t l < t l+1 . Since lim t→∞ E(U (x, t), B λ ′′ t (0) \ B λ ′ t (0)) = 0 for all 0 < λ ′ < λ ′′ < 1, we have we'll assume to the contrary that there is a δ > 0 and l 0 such that
